
Using the temporal monodic clique-guarded
negation fragment to specify swarm properties

Sen Zheng, Michael Fisher, and Clare Dixon

Department of Computer Science, The University of Manchester, UK

Abstract. Both the guarded negation and the clique-guarded negation
fragments of first-order logic were shown to be robustly decidable. How-
ever, unlike the guarded and the packed fragments, we are not aware of
their combination with first-order temporal logics, either considering the-
oretical properties or their practical application in specifying real-world
problems. In this paper, we formally define the monodic clique-guarded
negation fragment and explore using this fragment to specify the prop-
erties of robot swarms.
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1 Introduction

Though First-Order Temporal Logic (FOTL) is very expressive and useful in
Computer Science, it is undecidable and not even recursively enumerable. The
seminal work of [6] attempts to identify decidable fragments of FOTL. The idea is
to first identify a decidable fragment in the non-temporal part of FOTL, and then
extend the fragment with temporal monodicity, i.e. each formula in the fragment
that is under a temporal operator contains no more than one free variable.

One of the promising decidable fragments in FOTL is the monodic guarded
fragment (MGF) [6], since the guarded fragment [1, 3] is a natural generalisa-
tion of modal logics and therefore the fragment inherits desirable computational
properties, for example, robust decidability [9], from modal logics. The packed
fragment [7], the guarded negation and the clique-guarded negation fragments [2]
are decidable fragments that generalise the guarded fragment and inherit its

<latexit sha1_base64="0hgYQnrq91oO/A+38FP8eYax5u4=">AAACFHicbVDLSgNBEJz1GeMr6tHLYhA8SNgVXycJCOJFiGAekIQwO+lNhszOLjO9mrDkN3LVD/EmXr37Hf6Ak00OJrGgoajqppryIsE1Os63tbS8srq2ntnIbm5t7+zm9vYrOowVgzILRahqHtUguIQychRQixTQwBNQ9Xq3Y7/6DErzUD7hIIJmQDuS+5xRNFKjgdBH7ScPpbthK5d3Ck4Ke5G4U5InU5RauZ9GO2RxABKZoFrXXSfCZkIVciZgmG3EGiLKerQDdUMlDUA3k/TnoX1slLbth8qMRDtV/14kNNB6EHhmM6DY1fPeWPzPq8foXzcTLqMYQbJJkB8LG0N7XIDd5goYioEhlClufrVZlyrK0NQ0kyLhJeqPCzpNWZqYNS25850skspZwb0sXDye54s3074y5JAckRPikitSJPekRMqEkYiMyCt5s0bWu/VhfU5Wl6zpzQGZgfX1C5LQoAk=</latexit>

MPF
<latexit sha1_base64="6gyGEuK2E+pauYwRQNPshNZEl80=">AAACFXicbVDLSsNAFJ3UV62vqks3wSK4kJKIr5UUBHWjKFgV2iCT6Y0dOpnEmRttCf2ObvVD3Ilb136HP+AkdqGtBy4czrmXczl+LLhGx/m0ChOTU9MzxdnS3PzC4lJ5eeVaR4liUGeRiNStTzUILqGOHAXcxgpo6Au48TtHmX/zCErzSF5hLwYvpPeSB5xRNJLXROiiDtKzk/Pj/l254lSdHPY4cYekQoa4uCt/NVsRS0KQyATVuuE6MXopVciZgH6pmWiIKevQe2gYKmkI2kvzp/v2hlFadhApMxLtXP19kdJQ617om82QYluPepn4n9dIMDjwUi7jBEGyn6AgETZGdtaA3eIKGIqeIZQpbn61WZsqytD09CdFwlPczRraylmeWDItuaOdjJPr7aq7V9293KnUDod9FckaWSebxCX7pEZOyQWpE0YeyIA8kxdrYL1ab9b7z2rBGt6skj+wPr4BLgagWA==</latexit>

MGNF
<latexit sha1_base64="33wNXP6+e0+Wle9ajOPoKg8bI0E="></latexit>

MCGNF

<latexit sha1_base64="mr0/YvbdJaT/V480sJk0OXvYToQ=">AAACFXicbVDLSsNAFJ3Ud31VXboJFsGFlER8raQgiAtBhT6ENpTJ9MYOnUzizI1aQr/DrX6IO3Hr2u/wB5ykXVj1wIXDOfdyLsePBdfoOJ9WYWp6ZnZufqG4uLS8slpaW2/oKFEM6iwSkbrxqQbBJdSRo4CbWAENfQFNv3+a+c17UJpHsoaDGLyQ3koecEbRSF4b4RF1kJ5d1i6GnVLZqTg57L/EHZMyGeOqU/pqdyOWhCCRCap1y3Vi9FKqkDMBw2I70RBT1qe30DJU0hC0l+ZPD+1to3TtIFJmJNq5+vMipaHWg9A3myHFnv7tZeJ/XivB4NhLuYwTBMlGQUEibIzsrAG7yxUwFANDKFPc/GqzHlWUoelpIkXCQ/yYNbSbszyxaFpyf3fylzT2Ku5h5eB6v1w9Gfc1TzbJFtkhLjkiVXJOrkidMHJHnsgzebGerFfrzXofrRas8c0GmYD18Q1DdaBl</latexit>

FOTL

<latexit sha1_base64="8UFBd6Q+KX4ZY9CJUppdBs9pjtg=">AAACFHicbVDLSsNAFJ3UV62vqks3wSK4kJIUfKykIKgboYJVoSkymd7YoZNJmLnRltDf6FY/xJ24de93+ANO0ix8HbhwOOdezuX4seAaHefDKs3Mzs0vlBcrS8srq2vV9Y1rHSWKQZtFIlK3PtUguIQ2chRwGyugoS/gxh+cZP7NAyjNI3mFoxi6Ib2XPOCMopE8D2GIOkgvzk7Hd9WaU3dy2H+JW5AaKdC6q356vYglIUhkgmrdcZ0YuylVyJmAccVLNMSUDeg9dAyVNATdTfOfx/aOUXp2ECkzEu1c/X6R0lDrUeibzZBiX//2MvE/r5NgcNRNuYwTBMmmQUEibIzsrAC7xxUwFCNDKFPc/GqzPlWUoanpR4qERxxmBe3lLE+smJbc3538JdeNuntQ379s1JrHRV9lskW2yS5xySFpknPSIm3CSEwm5Ik8WxPrxXq13qarJau42SQ/YL1/AYepoAY=</latexit>

MGF

Fig. 1. The relationship of the monodic guarded fragments and FOTL
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positive properties. However, though the monodic packed fragment (MPF) is
shown to be decidable [5], the decidability of the monodic guarded negation
fragment (MGNF) and the monodic clique-guarded negation fragment (MCGNF)
is unknown. Fig. 1 depicts the relationship among these monodic fragments.
Due to the decidability result of MGF and MPF, we conjecture that MGNF and
MCGNF are likely to be decidable. This makes applying deductive methods to
solve MCGNF (and its subfragments) satisfiablity checking problems possible. As
MCGNF subsumes all the aforementioned monodic fragments, this short paper
will focus on MCGNF and its subfragments.

We particularly concern with robot swarms. A robot swarm is a collection of
(often simple) robots designed to work together to carry out tasks. Such swarms
rely on the simplicity of the individual robots, the fault tolerance inherent in hav-
ing a large population of often identical robots and the self-organised behaviour
of the swarm as a whole. An overview of swarm robotics algorithms can be found
in [8]. With such multiple-entity systems, verification that desired properties do
hold is challenging as the state space becomes large once the number of entities
grows. Also like approaches such as model checking or propositional temporal
logic, we usually have to fix the number of entities we consider. First-order tem-
poral logic, using a suitable decidable fragment, avoids this need by allowing
quantification over the robots. Verification of protocols for multiple entities us-
ing monodic first-order temporal logic is described for example in [4]. This short
paper explores how MCGNF and its subfragments can specify the properties of
swarms.

2 Temporal monodic clique-guarded negation fragment

We now formally define MCGNF. Formulas in MCGNF are interpreted in the
standard first-order temporal structure, where a strict linear order represents
the flow of time.

Definition 1. The temporal monodic clique-guarded negation fragment (MCGNF)
is a fragment of temporal first-order logic without (non-constant) function sym-
bols but with equality, inductively defined as follows:

1. ⊤ and ⊥ belong to MCGNF.
2. If A is an atom, then A belongs to MCGNF.
3. If A and B are atoms, A ∨B and A ∧B belong to MCGNF.
4. If F is a non-temporal formula in MCGNF, then ∃xF belongs to MCGNF.
5. Let F be a formula in MCGNF and G(x, y) a conjunction of atoms. Then,

∃xG(x, y) ∧ ¬F belongs to MCGNF if
(a) all free variables of F are in y,
(b) x does not occur in F and each variable in x occurs in at most one atom

of G(x, y), if x exist,
(c) each pair of distinct variables in y co-occurs in at least one atom of G(x, y).

6. If F belongs to MCGNF and F contains at most one free variable, then ⃝F ,
□F and ♢F belong to MCGNF.

We will focus on closed formulas in MCGNF, and we use the notation a, b and c
to denote constants.
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3 Specifying robot swarm properties

We use MCGNF to specify three swarm properties. The first two relate to the
“coherence” property, namely robots maintaining a connected group, described
for example in [10]. The third example relates to the shape of the robot swarm
and is inspired by robots having to form particular shapes such as lines or squares
(see for example [8]) where a line of robots might be needed to enter a pipe for
inspection or to form a communication network while a square might be needed
for object transportation. We use adj(x, y) to denote that x and y are in a certain
range and use con(x, y) to denote that x and y can detect each other.

Specifying a clique of robots. MCGNF can describe robots that form a clique.
For example, a clique of four distinctive robots can be specified using the monodic
clique-guarded negation formula

∃x1...4(adj(x1, x2) ∧ adj(x1, x3) ∧ adj(x1, x4) ∧ adj(x2, x3) ∧ adj(x2, x4)∧
adj(x3, x4) ∧ x1 ̸≈ x2 ∧ x1 ̸≈ x3 ∧ x1 ̸≈ x4 ∧ x2 ̸≈ x3 ∧ x2 ̸≈ x4 ∧ x3 ̸≈ x4).

Specifying a robot leaving a robot clique. The following formula in MCGNF
describes that a robot a leaves an a-containing three-node clique in the next
temporal step:

∃x1...2(adj(x1, x2) ∧ adj(x2, a) ∧ adj(x1, a)) →
⃝∃y1...2(adj(y1, y2) ∧ ¬adj(y1, a) ∧ ¬adj(y2, a)).

MCGNF can also describe that in the next step, a robot in a clique connects to
only one robot in that clique. This is specified as follows:

∃x1...3(con(x1, x2) ∧ con(x1, x3) ∧ con(x1, a) ∧ con(x2, x3)

∧ con(x2, a) ∧ con(x3, a)) → ⃝∃y1...3(con(y1, y2) ∧ con(y1, y3)

∧ con(y2, y3) ∧ con(a, y2) ∧ ¬con(a, y1) ∧ ¬con(a, y3)).

Fig. 2 depicts the processes relating to the above monodic clique-guarded nega-
tion formula.

Specifying shapes of robots. A line of three robots can be specified using the
following monodic clique-guarded formula:

adj(a, b) ∧ adj(b, c) ∧ ¬∃x(adj(x, b) ∧ x ̸≈ a ∧ x ̸≈ c)∧
¬∃x(adj(x, a) ∧ x ̸≈ b) ∧ ¬∃x(adj(x, c) ∧ x ̸≈ b).
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Fig. 2. A robot leaves a clique and connects to only one node in the clique
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Fig. 3. Line-shaped (left) and quadrilateral-shaped (right) swarms

Following a similar construction, we can use the monodic clique-guarded formula

adj(a, b) ∧ adj(b, c) ∧ adj(c, d) ∧ adj(d, a)∧
¬∃x(adj(x, a) ∧ x ̸≈ b ∧ x ̸≈ d) ∧ ¬∃x(adj(x, b) ∧ x ̸≈ a ∧ x ̸≈ c)∧
¬∃x(adj(x, c) ∧ x ̸≈ b ∧ x ̸≈ d) ∧ ¬∃x(adj(x, d) ∧ x ̸≈ a ∧ x ̸≈ c)

to describe four robots forming a quadrilateral. Fig. 3, from left to right, depicts
robots forming a line and a quadrilateral, respectively.

4 Conclusion

We have applied MCGNF to formalised three use cases of swarm robots. It gives
us confidence that MCGNF can be useful in specifying more complex properties
that previously cannot be specified using propositional temporal logic or MPF.
For example, unlike MPF, MCGNF can express ¬∃xϕ(x) where ϕ(x) contains only
atoms. One of our future challenges is to handle negated formulas in MCGNF,
since the free variables of these formulas need to occur in an atom or a clique of
atoms, which is sometimes not guaranteed when specifying swarm properties.

Work supported by the UKRI Verifiability Node (EP/V026801) and by the Royal
Academy of Engineering under its Chair in Emerging Technologies scheme.
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